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Time-dependent flows occur naturally as in pulsatile blood flow and in tidal estuaries
and comprise many of the man-made flows of practical importance. A knowledge of
the rate of mixing of a contaminant substance in such time-dependent flows is of
paramount interest in, for example, the injection of a chemical substance in blood
flow, the discharge of outfalls in estuaries, and the mutual contamination length of
two feed fluids when switching from one feed line to another as part of a manufacturing
process. This paper presents a study of contaminant spread in two specific and
well-defined flows and provides a basis for the interpretation of contaminant mixing
in the more complex flow situations that normally prevail.

An extension of the probabilistic formulation of the streamwise dispersion of
contaminant molecules given in Dewey & Sullivan (1982) is used to study time-
dependent laminar flows between parallel plates and in tubes wherein the flows are
homogeneous in the streamwise direction. The two flows considered in detail are
oscillating flows and impulsively started flows. In impulsively started flows it is shown
that, although the basic dispersive mechanism acts in much the same way as
described by Taylor (1953), the start-up effects on the dispersion can be quite
prolonged and very significantly reduce the streamwise spread of contaminant over
that which is observed in the fully developed flow. In oscillatory flows, unlike the
situation presented by Taylor (1953) in which a diminished value of molecular
diffusivity « increases the contaminant cloud axial growth rate in a tube of radius
a, it is found that optimal streamwise contaminant spread results from a value of «
that depends upon kinematic viscosity v and frequency w. The streamwise cloud-
variance growth rate is explored over the full range of the two parameters y* = wa?/k
and A% = wa?/2v for all time, and it is shown that a global maximum results when
vy 2nand A & 2.

1. Introduction

Taylor (1953) showed that the dominant mechanism whereby a scalar contaminant
cloud is spread out in the steady flow within a tube is dispersion — the interaction
between the molecular diffusivity in the radial direction and the gradient of the axial
component of the mean-flow velocity. Taylor showed that following a reasonably
long period of time, ik/a? > 1, the dispersive contribution to the growth rate of the
streamwise cloud variance o? is given by

d , Ua?

— g2 ~

dt K’ M

where U is the average flow velocity. It is apparent from (1) that do?/dt—~0 as k — o0,
corresponding to each constituent cloud molecule moving at all times with velocity
U, and do?/dt»>o0as k—0, corresponding to each constituent cloud molecule
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retaining its initial velocity for all time. By contrast, in an oscillating flow the change
in cloud variance following one cycle when «—>0 is zero, since the constituent
molecules all return to their initial release positions, and will also be zero when k— o0,
for the same reason as for a steady flow. One then expects, for this rather different
dispersion phenomenon, some optimal dispersion effect for a value of « intermediate
to these extreme values.

The velocity profile in the steady laminar flow within a tube is always parabolic.
The velocity profile of an oscillatory flow can be drastically altered by a change in
the frequency w and the kinematic viscosity v. There the dispersion is governed by
the two parameters A and y, where A? = wa?/2v and y? = wa?/k, which represent the
number of periods required for vorticity and scalar contaminant respectively to
diffuse over the cross-section.

A considerable amount of work has been done for oscillating flows without phase
lag in the flow velocity across the conduit and especially at large times. For example
Smith (1982a) has shown the sensitivity to time of release of contaminant during a
cycle and also the importance of the location of a discharge source (Smith 19824) on
the flow cross-section. Smith (1983) has also given the time evolution of the lower-order
statistical moments of a contaminant cloud and shown these to have a reasonable
agreement with Allen’s (1982) random-walk result for a turbulent, oscillating,
open-channel flow model. The principal results of this paper are due directly to the
phase-lag of the velocity at different positions on the flow cross-section of a laminar
flow. The use of these results in the time-dependent turbulent-flow problem where
the cross-sectional mixing is time-dependent is the subject of a forthcoming paper
(see Chatwin & Sullivan 1984). Chatwin (1975) has shown that the simple Gaussian
form for the cross-sectionally integrated streamwise contaminant concentration
C(x, t) that was found by Taylor (1953) for a steady flow is retrieved after a sufficiently
long time in oscillatory flows. However, as in the case of steady flows, the asymptotic
behaviour develops too slowly to be of much general use, and in this paper a full
description of the variance growth rate is developed for a complete range of A and
v for all time.

The dispersion of contaminant in two specific time-dependent flows is explored.
The oscillatory flows that result from a sinusoidal pressure difference over the ends
of a tube (and away from the end regions) and the impulsively started flows, which
would result from the sudden opening of a valve in a pipeline, for example, are both
flows that are homogeneous in the streamwise direction. For ease of exposition a very
detailed investigation is provided for these time-dependent flows between parallel
plates, and the corresponding results (which do not change in character) are merely
stated for the tube geometry. In all cases considered, the initial contaminant cloud
is taken to be a thin uniform sheet of contaminant over the flow cross-section.

2. General formulation

The formulation that follows is an extension of that given in Dewey & Sullivan
(1982), and takes into account the time dependence of the Eulerian velocity field.
One is concerned here with flows within arbitrarily shaped but uniform conduits that
do not change in the streamwise x-direction (see figure 1). The Lagrangian streamwise
displacement X(¢:y,) of a fluid molecule at time ¢ that was released at time ¢, at a
position on the cross-section located by the (two-dimensional) vector y, and x =0
(i.e. X(¢,; y,) = 0) is determined from

t
X(t:y,) = f o(7:3y) dr. @)
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Ficure 1. A sketch of the basic geometrical configuration considered in §2.

where v(7;y,) is the Lagrangian streamwise component of the molecule’s velocity.
The second moment of the displacement, following Taylor (1921), when one event
of the ensemble is the release of a uniform sheet of molecules over the plane « = 0,
is found from

1d.X3(¢;¢, 1 e
5——(§t—2 B ZJ; dA(yo)Jtov(t”YO)U(T;YO)dT, (3)

where A is the cross-sectional area and an overbar is used to denote an ensemble
average. The Lagrangian molecule velocity v(¢; y,) can be expressed in terms of the
Eulerian flow velocity u(y,?) as

vit; yo) = w(Y(t;y,)) +w', w' =0, (4)

where Y(¢;y,) is the Lagrangian cross-stream displacement vector and w’ is the
random microscopic streamwise velocity fluctuation due to thermal molecular
activity. The use of (4) in (3) results in

1dX3(;¢ 1 ¢
§#=Zjd‘4(}’o)‘[ w(Y(t: y,)) u(X(7;y,)) dr (5)

to

when the small additive constant « is neglected; which, using the appropriate
ensemble-average values of (2), provides the growth rate of the cloud variance

1da®(t;t,) 1 '[ ¢
A

t
§ 2 = L] aawy [ @Gy @mydr-ve | vmdr ©)

to to

where
1
U = ZL u(y,t)dA(y) (7)

is the average flow velocity.

With an event in the ensemble — the release of a uniform sheet of contaminant
molecules over the uniform conduit cross-section — the distribution of contaminant
over the cross-section remains uniform for all time. For every path that takes a
molecule from y, at ¢, to y at ¢t there will be one identical path in the ensemble that
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takes a molecule from y at ¢, to y, at {. The correlation integral in (6) can be rewritten
in terms of equivalent paths of Y(¢;y,) as

I GO (G A LY ®)

to

In (8) u(Y(t,;y,).t) is deterministic with respect to the ensemble average, and the
mean-velocity history w(Y({¢+¢,—7; y,),7) is found from

WYt +1ty—7;¥0).7) = L Wy, 7).ttty —7:y,) dAD), 9)
where p satisfies
op .

- 10
L=, (10)

op . 1
£ =_— 11
n =0 onl lmp =4, (1)
P, o) = 0(y—y,) 8(z—2) (12)

and where V2 is the two-dimensional Laplacian operator, » is the normal to the
conduit boundary I', and y, and z, are the components of the position vector y,. Thus
the growth rate of the streamwise variance is determined from the probability
p(y.t;y,) dA(y) that a fluid molecule released at y, at time ¢; will be within an area
element d4 centred on y at time ¢ and from the Eulerian velocity profile u(y, t) as

1902 1 t=t, _
E—ath(tito) = ZJ dA(y,) | d4) U(Yo, Y uy, t—7) p(¥, 7+1,;yy) d7
A A

0

t
=Ut)y| U(r)ydr. (13)
to
The longitudinal dispersivity 1 do?/dt could also have been calculated using the
method put forward by Aris (1956) in a somewhat less-straightforward and
less-physical manner, and the two methods are shown to give the same result in
Appendix A. Quite apart from the current subject of interest, the same basic approach
as presented here can be used to formulate the time-dependent turbulent flow
problem using approximations like those given in Dewey & Sullivan (1979). Two
critical conditions that were necessary in the foregoing analysis were that the initial
contaminant cloud be uniformly distributed over the flow cross-section and that the
flow be homogeneous in the streamwise direction. In what follows, two specific flows
that can be made to meet these conditions, oscillatory lows and impulsively started
flows, are analysed in detail.

3. Oscillatory flows

The steady-state streamwise velocity profile «’(y’,t') of the incompressible, oscil-
latory flow between two parallel plates located at y' = +a’ that satisfies

ouw’ , T
TR G cos (wt )+VW2—

subject to u'(ta,t')=0 (15)
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Fieure 2(a). For caption see p. 63.

can be readily confirmed to be

uly.t) = 1 —co(/\yc)g?;()f\l:é f;()/\y) SoA) i 4 4 So(AY) :222; Izm) %) oot
= g(A,y) sint+h(A, y) cost
= A(A, ) cos (t—p(A,y)),
where A*=g*+ A%, p= tan_l%.
In (16) ¢o(y) = coshy cosy,

8o(y) = sinh y siny,

61

(16)
(17)
(18)
(19)

and the variables have been non-dimensionalized as u = wu’'/G,z = 0x’/q,

y=1vy'/a,t = wt’ and also A® = wa?/2v.

3-2
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Fiourse 2(b). For caption see facing page.

1t is of interest to consider the displacement of a line of contaminant placed
across the flow (i.e. dispersion with « = 0). The time of release ¢, is chosen so that
contaminant at ¥ = 0 oscillates around x = 0 with zero phase angle. If Xy, t—1t,)isthe
displacement of contaminant located at y then

X(y’ t—to)

= 2D in =t (20)
A(0) A(0)
is the displacement, normalized with the ¥ = 0 amplitude, and
2 2__
ty = tan™! co(’\) + 85(A)° — () 1)

8o(A)

Figures 2(a, b, ¢) show respectively the displacement profiles of (20) corresponding to
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FicuRE 2. The displacement of a line of contaminant {(x = 0) that is embedded in the flow such
that the mid-plate displacement has zero phase and normalized with the mid-plate displacement
amplitude. The numbers on the figures correspond to values of K where t = &(k—1)x.

the A <€ 1 ‘sloshing-mode’, the A = 4 value which is approximately where the largest
overall amplitude 4 occurs, and the A » 1 boundary-layer behaviour of (16). It is
worth noting the large variety of displacement shapes that occur in general, and
specifically the significant degree of curvature in X present in figure 2(b), which
results from the phase difference and which certainly will have a significant effect on
the dispersion process.

The dispersion of a contaminant sheet can now, with (13), be written in terms of
the Eulerian velocity profile (16) and the probability density function p, which is
known from Dewey & Sullivan (1979) for this geometry and non-dimensionalization
to be

IM3g

e~ ("2 cos Inm (y + 1) cos inn (y,+1)+3, p=pa. (22)

1

Py, ty,) =
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Ficure 3. A comparison between the simulated (~—-) and calculated ( } values of the
non-dimensional variance when A =2 and y = 3 /2 (see (23)) for the oscillating flow between
parallel plates.

Specializing, for ease of exposition, to the case where ¢, = 0 in (13), and using (22)
and (16), the growth rate of the non-dimensional streamwise variance ¢* is found to
be (after some manipulation that is recorded in more detail in Jimenez 1982)

% di(tt)2 _ El {Rn(z\) ili z 1—; kj;();\) cos t} {((ﬁy’j)z R"(,\)+sn(/\)> sin ¢

+ (("_;‘)2 S, (A) ——Rn(/\)> cos t+ <Rn(/\) —<ﬁ§>2 S,,M)) e~/ 7’”}, (23)

where
— B, sin 24— A4, sinh 2A (n even)
R,(A) = 2(c5(A) +s5(A)) ’ (24)
0 (n odd),
B, sinh 2A— A4, sin 2A (1 even)
Sp(A) = 2(c§(A)+55(A)) ’ (25)
0 (n odd),
A A
= 2
An = e @t 0 O F G AR (26)
1 —1
B A+inn A—inn @)

"X+ A2 A+ Gnm— A

It is clear from (23) that the transient effects decay away at ty™2 = t'ka™% = O(1)
and in a way that is consistent with Chatwin (1975). That is in the time taken for
contaminant molecules to sample the depth a. Figure 3 shows the variance as
calculated from (23) when A =2 and v =3+/2, which are approximately the
parameters in use in figure 2 (b). A considerably simplified expression for (23) results
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Ficure 4. The surface of large-time non-dimensional variance increment Ao?(A, y) in one cycle
for the oscillating flow between parallel plates as calculated from (28).

when one considers ¢ > y% and the change in non-dimensional variance that takes
place in one period T4en | g2
Act(y,2) = J‘ 1 dé¥(r)
r 2n dt
(mt)2 RZ(A)+8%4(A)

v/ 1+ mn/y)

eo]
=X (28)

The surface Ag?(A,y) is shown on figure 4. The most prominent feature on the
surface of figure 4 is a global maximum value of Ac? = 0.1149 when A &~ 2 and
v & 21,

To explain the location of the global maximum of Ag? one needs to construct the
best circumstances for increasing Ac? in one cycle. Consider the displacement of a
line of contaminant as shown on figures 2(a—). One expects the largest increase in
variance when « is sufficiently large to diffuse contaminant material uniformly across
the conduit in one half-cycle (or actually just short of this, to give weight to having
the largest values of contaminant concentration as far removed from x =0 as
possible) that is ¥y = O(1). The lower the value of x that will provide this type of
distribution, the higher will be the values of concentration at large « at the end of
a cycle, and hence the largest values of Ag?. One notices, because of the large
curvature of the contaminant line on the return cycle in figure 2 (), that a smaller
value of « (i.e. larger y) will effect the same degree of cross-stream mixing on the return
cycle as those profiles in figure 2 (a), and thus leave a residue of larger contaminant
concentration values at large . Another way of stating this is that for the self-similar
profiles shown in figure 2(a) contaminant that diffuses away from the line of
contaminant in the first quarter-cycle has a tendency to diffuse back toward the line
on the return stroke. In terms of a typical molecule’s velocity for these self-similar
profiles, a molecule that wanders into a region of the flow that has a velocity in defect
of the mean-flow velocity on the outgoing stroke will likely be in a region of the flow

where the velocity is in excess of the mean-flow velocity on the return stroke (see
(13)) and thereby minimize the contribution to Aco®. The phase differences that are

shown in figure 2 () make it possible for a typical molecule to sample relatively large
velocity variations with a small value of k. One also notices that the global maximum
of Ag? occurs approximately at a value of A =1, which provides the overall
maximum value of velocity as well as the large phase changes that are shown on
figure 2(b).
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In the sequence of figures 5 (a, b) and 7 (a, b) the contaminant molecule distribution
on the flow cross-section that was found using a numerical simulation are shown for
the two interesting cases of the optimal conditions for dispersion and of the
boundary-layer-type behaviour. This simulation is the result of a computer program
that follows individual contaminant molecules as these do a random walk over the
flow cross-section and is described in Appendix B.

In figure 5 (a), corresponding to the optimal Ag?, it is clear in the outgoing stroke
(t < 2.25) that there is little cross-sectional mixing and that very high values of
contaminant concentration are retained near y = 0. On the return stroke, and almost
immediately (2.25 <t < 3.6), contaminant is rapidly spread over the cross-section
leaving a considerable residue at the end of the half-cycle over a considerable distance
in «. The stroke is completed with the central (y ~ 0) region of the flow following the
(y ~ 1) wall region in the negative direction and ultimately returning to the start
position (¢ ~ 5), where contaminant molecules are in areasonably uniform distribution
over the (x ~ 0) cross-section. Figure 6 (a,b) shows the z-distribution of molecules
(that is, the sum of the values shown in figure 5 over the y-direction). The effect of
phase change and low « is apparent here by the large peak value that exists at the
end of the first quarter stroke. As the reverse flow occurs, the high levels of
contaminant near the central core region and proceeding in a negative direction is
diffused into the wall regions, which are out of phase with the central core and going
in the opposite direction so that the high peak values can be traced throughout the
entire cycle.

Itis also interesting to observe the boundary-layer effect as shown in figures 7 (a, b).
There, a central core (y ~ 0) of high contaminant-concentration values persist
throughout the entire half-cycle, and the dispersion is taking place, in the main, by
virtue of the small fraction of contaminant located in the wall layer. The integrated
values shown on figure 8 show a high peak value that represents the core contaminant,
and this remains well defined throughout the entire cycle.

Flows with A and vy of order unity can readily be achieved in gases. For example,
with air (v = 0.144 cm?/s, k = 0.219 cm?/s a separation of a few centimetres leads to
w ~1 rad/s. In liquids this is somewhat less common because of the high (103) value
of the Schmidt number. However, for example, with water (v = 0.01 cm?/s,
k= 1.3x107% ¢m?/s for a saline solution) values of a few centimetres and a 2 h cycle
for w provide values of y & 9 and A = 0.2,

The oscillatory flow within a tube that satisfies

ou’ , v O /[ ,ou
= G cos wt +?¥<r aw) (29)
and wi(a,t)=0 (0<7r <a) (30)

has been discussed at length in Schlicting (1960).
The solution to (29) can be written as a Fourier—Bessel expansion
A% sin ¢+, cos tJy(ry,)
Ta(A+05)  Ji(ma)

0, and r = 7"/a.
(r,t;7,) corresponding to (10)—(12) is found from

w=27% (31)
n=1

where 7,, is the nth root of J(3,) =
The probability density function p
the solution of

2-532)
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FIGURE 5. A numerical simulation of the evolution of a pulse of contaminant between parallel plates
with an oscillating flow for which A = 2and y = 3 4/2. A single integer is used to indicate the number
of contaminant molecules within discrete area elements on the interval X+0.96¢. 1 indicates
between 4 and 9 molecules, 2 indicates between 10 and 14 molecules, etec. An asterisk shows an
offscale value (this is never greater than 81 molecules).
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a—i):O on r=a, (33)
p(r,0,7y) = 8(r—r,)/2m (34)

13 2 Jo(7€,)
to be plrt;ry) == X Jy(r,&,) e a2 200 (35)

o= x iz, Tollesn 7.,

The use of (35) and (31) in (13) results in the longitudinal dispersivity

e~ EMHE—1 g7

1do*¢) 1 2 A*siné+9, cost J"/\zsin‘r+7yncos7
2 At Mg paa AR E—md) (Er—mn) e (AT+R)
(36)
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FIGURE 6. A summation over the depth of the simulated location of molecules displayed in
figure 5 on the interval X+ 1.96¢ and expressed as a percentage.

which is observed to degenerate, following a long period of time from release at { = 0,
to the form 1dg2

2 dt
where the constants 4,, 4, and 4, depend on A and v, as found by Chatwin (1975).

One expects (36) to produce, in essence, the same type of surface shown in figure 4
for the parallel-plate geometry.

~ A+ A, sin?t+4 A, cos?t, (37)

4. Impulsively started flows

Dispersion in impulsively started flows more closely resembles the dispersion
described by Taylor (1953) than in oscillatory flows. One can here assess the
contribution that is made to streamwise dispersion by the adjustments of the
mean-stream-velocity profile in reaching its steady-state value.

For the parallel-plate geometry outlined in §2 the solution of

ou’ , o’
with w(ta,t)=0 (—a<y <a) (39)
ldp “ {G {t > O),}
and pdr GS(t') = 0 (¢ <0) (40)
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F1GURE 7. A numerical simulation of the evolution of a pulse of contaminant between parallel plates
with an oscillating flow for which A = 20 and y = 2 v/2. The information is presented as in figure
5, and here a cross represents an offscale value.
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Ficure 9. The evolution of dispersivity in impulsively started flow at various
values of Schmidt number as given by (42).

i 1 _yz 94 ® e—(énn)”t .
is u=— n)":l 5 sin (3nm (y+1)), (41)
(odd)

where the variables are non-dimensionalized as y = y'/a,t = t'v/a?, x = (V?/Ga’)x’
and u = (v/a*G)u’. The summation in (41) represents the departure from the steady
parabolic velocity profile of plane Poiseuille flow and reduces to zero at ¢t » 1. For
t < 1 the central (y ~ 0) part of u is relatively flat as the momentum boundary-layer
grows across the conduit from y = 1. The longitudinal dispersivity can be constructed
from (41), (22) and (13), and is

1dd()? 202 2 | —e(mmw

2 nt . mb

+2“a2 E E (1 —e—(mn/a)ty o=(nm)*t e~ (nmt _ o—(mujay

A (n?—4m>)n?m? (m®—n?a?) (p? —4m?) m2p?
(odd) ‘

ol @ o« e—((mn/a)2+(nm)®)e f e~ (Gpm)i—(mn/a)®)r

+ % % 0 , (42)
nt n,p=1 m=1 (p* —4m?) (n*—4m?) n*p?

(0oda)

where a® = v/k is the Schmidt number (see figure 9). The first term on the right-hand
side of (42) is the longitudinal dispersivity for plane Poiseuille flow given in Dewey
& Sullivan (1979), and the remaining terms provide the contribution made by the
adjustment of the velocity profile to its asymptotic parabolic shape. The effect of these
remaining terms in (42) can be seen always to reduce the dispersivity that would be
achieved in plane Poiseuille flow. That is, if the velocity is decomposed into a steady
(plane Poiseuille) g and transient #p component as

U = ug+ Uy (43)
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then the longitudinal dispersivity from (13) is

ide® 1t 2 ,
27dt §J J J ug(y) us(yy) P, t—7;4,) dy, dy dr—U(t) | U(r)dr
0v—1v—1 "

1ty o1
+§J J J u(y, ) up(yy, T) Py, t —7;y,) dy, dy dr
0v—1v-1

t 1 1
-+ J; J_l leuS(y) uT(?Io, t) p(y, t—71 ; yo) dyo dy d’T (44)

(where in (44) p and U(¢) are suitably non-dimensionalized) and since w > 0 and up < 0
for t>0 and —1 <y <1 the last two terms in (44) are negative. Hence the
contribution of the impulsive start to plane Poiseuille flow is to reduce the
longitudinal dispersivity. Thisis certainly evident on physical grounds (see (13)), since
at no time in the development of u(y, t) is there as much departure from U(t) as when
the flow is fully developed.

The ratio R(t,a) between the longitudinal dispersivity of an impulsively started
flow to that in plane Poiseuille flow (i.e. the right-hand side of (42) divided by the
first term on the right-hand side of (42)) is always less than or equal to unity. At ¢ ~ 0,
both from the observation from (41) that # ~ ¢t and also from an expansion of the
exponential terms in (42), one observes that

R(t,a) ~ & (45)
and the ratio is independent of . When t > 1 and ¢t/2? > 1
RBt,a) ~ 1 (46)
{dg? 2af
as expected, and TR 47)

In order to achieve the constant value given in (47) it is necessary that t/a® > 1,
which, since a? is O(10%) in liquids, could be a very significant period of time and hence
result in a very considerable contribution to dispersion from the impulsive start given
to plane Poiseuille flow. Also, if x ~ 0 and ¢ = O(1),

926 0 W e—(%nn)ﬂ
R,y ~1——— _ 48
(t.a) 945m? m2=1 p2=1 min2(n? —4m?) (48)

Figure 10 shows the behaviour of E(f, a) that is calculated from (42) and illustrates
the consequences of (45), (46) and (48).

The equivalent result to (42) can be established for the tube geometry. When wu,
the solution to

ou’ L, v O ,0u
G =0+ (5) o

0<r <a, u(alt)= (50)

Oa
which in the non-dimensional variables u = (v/a*G)u’, x = vi'/Ga*, r=7r"/a,
t=t'v/a®is e
© 1—e BT (rE,)
u=23% — ,
n=1 gn Jl(gn)

is used with (35) in the basic expression (13), the longitudinal dispersivity in an
impulsively started flow in a tube becomes

(51)

1 da®(t) © L—e Ent Jt . .
bl =4 ¥ (1 —e~a7) e~ 1,/a® =7 g 592
2 dt normes E—T) (E2—72) ) ye (52)
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Firaure 10. The evolution of the ratio of the variance growth rate in an impulsively started
flow to that in plane Poiseuille flow E(t, «) for various values of the Schmidt number a.

The basic characteristics for the tube geometry are expected to be very similar to
those of the parallel-plate geometry.
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Appendix A

Aris (1956) demonstrated a method whereby the moments of contaminant con-
centration distribution along an axial line within a conduit,
. o .
Dy, t) = j x2'O(x,t) dz, (A1)
00
could be determined; and hence, in principle, with all of these moments the full
contaminant concentration C(x,t) could be compiled. In this specific comparison we
take
jO(x,t)dV(x) =1 (A 2)
and define

MOty = j

v

2C(x,t)dV(x) = j Oy, ) dA(y). (A 3)
A

Multiplication of each term in the convective-diffusion equation by z% and integration
over x results in e
c

ot

= tuc@ D+ V2D +4(1— 1) ke (A4)
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(1)
with aacn =0 on [, the conduit boundary, (A 5)
and Dy, 0) = e, (A 6)

where V2 is the two-dimensional Laplace operator and ¢‘® = 0 for negative values of
i. Integration of (A 4) over the conduit cross-section results in

%M“) = @'Ju(y,t)c“—l) dA(y)+i(i—1) kMG (A7)

and M (0) = MP. (A 8)

With (A 4)~(A 8) all of the moments can be solved in terms of lower ordered moments.
Here one is specifically interested in an initial distribution of C(x,t) that is a thin
uniform sheet over the conduit cross-section and the variance growth rate, which in
this notation is derived from

1do* 1d dmM®

AM®
7 = 2) _ v
sa el M

=j w(y, t)ycV dA(y)+ kMO — MO TRt (A9)
A

that is, using (A 7) with ¢ = 2. One observes that with a uniform initial distribution
within a uniform flow

Oy, t) = J C(x,t)dx = l, (A 10)
. A
and hence M® = 1; and using (A 7) with ¢ = 1 one finds that
(1)
LA J u(y, )¢ dA(y)
a ),
= U(t). (A 11)
ido? t
Thus = uy, ) cVdA(y)+«— U(t)'[ U(r)dr. (A 12)
A, .

To complete the solution for the dispersivity given in (A 12), one requires the solution
to (A 4)—(A 6) with ¢ = 1; that is,
A |
o A"
with 8¢ /dn = 0 on the conduit boundary and c¢®(y,0)=0 corresponding to
C(x,0) = 6(x).
Using the arguments of §2 one can write

(¥, 1)+ kV2c® (A 13)

t

=7

0

L (Yo, 1) Py, t—7;y,) dA(y,) dr, (A 14)

where p(y,t;y,) is the probability density function obtained from the solution of
(10)—(12). One now finds that (A 14) is actually the solution of (A 13), and thus the
longitudinal dispersivity given by (A 12), and using (A 14) is

1de? 1 (¢ . t
5q =) 4| 44| adpuenour.npw. i) = U0 | vmarer

(A 15)

The equation (A 15) is exactly (13) with the additive constant « (which was left out
in (13)) here included.
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Appendix B

A numerical simulation of the diffusion of contaminant in the oscillating flow
between parallel plates is provided by following the motion of typical contaminant
molecules as these undergo a random walk on the Eulerian velocity field. The
displacements at the end of onc discrete time step At” are

tHAl
AX' = J w(Y(r)dr+ L', AY =+L, (B1)
p
where + L’ is the randomly directed cross-stream constant step length. In principle
this simple simulation is capable of providing an approximation to C(x,t) for
arbitrary initial and boundary conditions; however, the computation time required
may become prohibitive for complex flows and boundary conditions.

Some practical considerations in the implementation of the simulation to the
oscillating flow between parallel plates follow. Non-dimensional variables as given
in §3 are used. » contaminant molecules are initially spread out over
1—1/2n =y = 1/2n at uniform spacings of 1/n (} the flow here because of the
symmetry about y = 0). When the step size Ay is taken to be a multiple of 1/n each
molecule will be constrained to occupy one of the n discrete locations on the
cross-section, and hence the y-position of the molecule can be recorded as an integer

value. The molecular diffusivity
Kk =3wlL, (B 2)

where w’ = Ay'/A¢’ is the constant component of fluctuating molecular velocity in
the y-direction, is unity in the non-dimensional variables in use, and

At = JAyE, (B 3)
which, for Ay = n7!, becomes 1
At = —. (B 4)
2n?

The molecules are reflected as they encounter y =1 and y = 0, and because the
molecules can only occupy » fixed positions the integral in (B 1) can be pretabulated
(in part at least) as described in more detail in Jimenez (1982). Thus, structured in
this way, a computer program needs as input information the value of A (which
determines the flow structure) and the number of molecules n to be used, and the
result will be an approximation to C(x,?).

Errors occur because of a roundoff error in the addition of the calculated Ax of (B 1),
because of the finite size of Ay, and because of imperfections in the random-number
generator. Of these three sources of error the most problematic is that due to the finite
size Ay. The value of Ay must be commensurately small with respect to the gradients
ofu(y,t). To accomplish this, and especially for the boundary-layer-type profiles when
A > 1, requires a significant increase in », which gives a very large decrease in At as
per (B 4) and leads to a tremendous increase in computation time to cover a complete
cycle of the oscillating flow. The use of n = 200 results in a reasonably good
representation with A = 2 and v = 3 4/2 where the errors in the mean and variance
with respect to those calculated with (23) are less than 109% when 5 <t < 23.
However, with n = 400 one expects no more than a reasonable qualitative result for
the boundary-layer flow of A =20 and y = 24/2 (the error in the mean at ¢ ~ 5 is
approximately 1%, whereas the error in the variance is approximately 50 %, there).
The marginal costs in computing time necessary to improve the result by increasing
n is extremely large.
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